We develop a model for the angle-dependent magnetoresistance of HgBa2CuO 4+δ in the underdoped regime where the Fermi surface is thought to be reconstructed by an ordered state such as a charge density wave. We show that such measurements can be employed to unambiguously distinguish the form of the Fermi surface's interlayer warping, placing severe contraints on the symmetry and nature of the reconstructing order. We describe experimentally accessible conditions in which our calculations can be put to the test.
I. INTRODUCTION
Characterizing the Fermi surface of the underdoped cuprates is a major challenge in understanding their strange metal properties.
Quantum oscillations in YBa 2 Cu 3 O 6+δ (YBCO) first revealed that these materials have a coherent and measurable Fermi surface at magnetic fields above H c2
1 . Since this initial study, quantum oscillations have now also been observed in underdoped YBa 2 Cu 4 O 8 and HgBa 2 CuO 4+δ (Hg1201); these measurements all indicated the presence of small Fermi surface pocket(s), presumably arising from Fermi surface reconstruction due to electronic order [1] [2] [3] [4] [5] . Charge density wave (CDW) correlations have been directly observed in both YBCO and Hg1201 through x-ray scattering [6] [7] [8] , making this an attractive candidate for the origin of the reconstruction. However, the details of the symmetry and shape of these small pockets, which is a major determining factor of normal state properties, remains unknown. In this study, we propose that angle-dependent magnetoresistance (ADMR) can reveal clear signatures of the morphology of the Fermi surface, and we propose straightforward experiments that can be performed in available magnetic fields.
The layered structure of the cuprate superconductors leads to a quasi-two-dimensional Fermi surface in the form of a warped cylinder. For a full understanding of these materials' properties and the order that drives their reconstruction, it is necessary to characterize not only the cross-sectional shape of the Fermi surface but also its interlayer warping. Sebastian et al. performed detailed studies of Shubnikov-de Haas oscillations in YBa 2 Cu 3 O 6.67 and found that their data were consistent with a staggered twofold warping along k z (Fig. 1B) rather than a simple cosine warping (Fig. 1A) 9 . Their analysis suggested this could be caused by CDW order with q ∼(h, k, 1 /2), but recent scattering studies suggest that the ordering wavevector for the three-dimensional CDW is q ∼(h, k, 1) 10 . Furthermore, the quantum oscillation data can alternatively be explained without a twofold warping, and even without a three-dimensional Fermi surface 11, 12 . This is thought to be possible because the mirror symmetry between the bilayer planes of YBCO is broken by CDW order 13 . The ambiguity in interpreting the quantum oscillation results highlights the need for a new symmetry-sensitive probe of the threedimensional Fermi surface.
ADMR is a rich source of information about a material's Fermi surface geometry. Under the influence of the Lorentz force, quasiparticles will trace out orbits on the Fermi surface that are perpendicular to the applied magnetic field. As the angle of the applied field is varied, the quasiparticles sample different values of the Fermi velocity that vary in relation with the Fermi surface morphology, changing the observed resistance. Unlike quantum oscillations, ADMR is measured at a fixed field strength, meaning that it may even be used to probe field-induced changes in the Fermi surface. Moreover, for quasi-twodimensional systems such as the cuprates, ADMR is calculated in the same manner regardless of whether the system has a coherent three-dimensional Fermi surface or incoherent interlayer transport (coherence is defined here as the requirement that the interlayer transfer integral t ⊥ is much greater than the scattering rate /τ ) 14 .
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Therefore, ADMR can yield useful symmetry information in either case; the only difference is the interpretation of t ⊥ . For the remainder of this paper we will refer to the geometry of interlayer Fermi surface warping, but it is to be understood that we could alternatively be referring to the variation of interlayer hopping about the Fermi surface.
In this work, we will show that interlayer (ρ zz ) ADMR measurements of Hg1201 can be a powerful tool for characterizing the interlayer warping as well as the symmetry of the reconstructed Fermi surface. Hg1201 has the highest transition temperature of the monolayer cuprates, has a simple tetragonal structure, and has relatively little disorder or buckling in the CuO 2 planes compared to other cuprate high-temperature superconductors 16 . Interlayer ADMR measurements of YBCO have been used to determine that its in-plane Fermi surface shape is most likely a square or diamond, which is consistent with a CDW reconstruction. 17 However, the bilayer splitting in YBCO made it difficult to pinpoint the interlayer warping of the Fermi surfaces in that study. Since Hg1201 only has a single copper-oxygen plane per unit cell, it avoids this complication. In addition, the copper-oxygen chains in the YBCO structure, which are known to affect transport properties at higher temperatures, are absent in Hg1201. All of these characteristics make Hg1201 an ideal model material for investigation with ADMR.
Using semi-classical calculations, we will show that a measurement of interlayer ADMR in Hg1201 at a single azimuthal angle can be used to clearly distinguish between the two types of interlayer warping shown in Fig. 1 . From measurements at multiple azimuthal angles, even more symmetry information can be revealed. With strong enough magnetic fields, ADMR may also provide information about the periodicity of the interlayer warping and the shape of the in-plane Fermi surface. In Section II we describe the constraints placed on our model of Hg1201 from quantum oscillation experiments and we introduce the various Fermi surface geometries that we consider. In Section III we outline the mathematical details of our model, deriving a general form for the interlayer conductivity of a quasi-two-dimensional metal under the constraints outlined in Section II. We calculate the expected interlayer ADMR in Section IV, illustrating qualitative distinctions that arise from different Fermi surface geometries and particularly from different interlayer warpings. Finally, in Section V we discuss the application of our ADMR results to actual measurements and define an experimentally accessible range of temperatures and magnetic fields in which our results can be applied.
II. EXPERIMENTAL CONSTRAINTS AND MODEL PARAMETERS
Since Hg1201 is a layered, quasi-two-dimensional system, its Fermi surface must be in the form of a warped cylinder. Quantum oscillation measurements in underdoped samples of Hg1201 have found a single frequency for each sample, in the range of 840-900 T for different dopings 4, 5 , which corresponds to roughly 3% of the Bril- The right column shows diamond-shaped pockets with increasing concavity from top to bottom; α is the angle that must be subtended on a circle to create each arc that makes up the pocket. Note that the area enclosed by all of these shapes is the same; we constrain the cross-sectional area to be consistent with quantum oscillation measurements, as described in the text.
louin zone area. These measurements were taken with the magnetic field in the interlayer direction; that is, they measured the in-plane Fermi surface cross-section. The results indicate that the Fermi surface consists of a single pocket (or multiple pockets of the same size). The existence of a single quantum oscillation frequency also indicates that the interlayer warping cannot be large; in fact, an upper limit of t ⊥ < 0.35 meV was determined, which is three orders of magnitude smaller than the intralayer nearest-neighbor hopping 5 . The main result of our work is that the ADMR of Hg1201 can clearly distinguish cosine vs. staggered twofold interlayer warping. We want to show that this is a qualitative distinction that can be made regardless of the details of the in-plane Fermi surface shape. To that end, we produce simulations for a variety of in-plane Fermi surface shapes. We consider a circular Fermi surface, the simplest option; various elliptical Fermi surfaces; and diamond-shaped pockets, ranging from square to concave circular arcs. The choice to consider diamondshaped pockets is motivated by the hypothesis that the small Fermi surface pocket in Hg1201 is due to a CDW reconstruction, as described in Ref. 5 . The full range of in-plane Fermi surface shapes we consider is illustrated in Fig. 2 . As we vary the in-plane Fermi surface shape, we constrain its cross-sectional area such that it always corresponds to quantum oscillations of frequency 893 T, as reported for an underdoped sample with T c of 74 K 5 . In addition to the Fermi surface geometry, ADMR is also affected by ω, the angular frequency of a quasiparti-cle about the Fermi surface, and τ , the quasiparticle scattering time. For a perfectly cylindrical Fermi surface, the angular frequency is given by ω = ω 0 cos(θ), where θ is the angle of the applied magnetic field from the interlayer direction and ω 0 is a constant. Specifically, ω 0 = eB/m * , with m * being the quasiparticle effective mass (not the cyclotron mass). The interlayer warping of our system is small, so it would still be appropriate to use this form of ω when considering a Fermi surface with a circular cross-section. However, for the variety of in-plane Fermi surfaces we are considering, we must use a more general expression for ω. In a quasi-two-dimensional material with small interplane warping (t ⊥ E F ), we find
where γ(ϕ) is the angle between the Fermi velocity and the Fermi momentum, which varies about the Fermi surface and is entirely determined by the Fermi surface geometry; see Appendix C for the derivation of ω. For the purposes of our calculations, we do not care about ω 0 or τ individually, but only ω 0 τ . For Hg1201, we expect ω 0 τ ≈ 0.35 at 45 T and at a temperature of a few degrees Kelvin 5 . We perform calculations with ω 0 τ = 0.1, 1, and 10 to show how ADMR results can be expected to vary with changing magnetic fields and temperatures.
III. CALCULATING INTERLAYER ADMR
We consider an applied magnetic field of strength B whose direction is specified by a polar angle (θ) with respect to k z and an azimuthal angle (φ) with respect to k x . In the presence of such a field, quasiparticles in a quasi-two-dimensional material will trace out orbits on the cylindrical Fermi surface that are perpendicular to the field direction. The quasiparticle position can therefore be specified by two coordinates: ϕ, which gives its azimuthal position, and k 0 z , which specifies the k z position of the center of the orbital plane; see Fig. 3 .
The conductivity of a quasi-two-dimensional material can be calculated semi-classically using the ShockleyChambers tube integral form of the Boltzmann transport equation. With a non-constant ω but a constant scattering rate τ , this equation can be written as follows 18, 19 :
where all velocities are taken to be at the Fermi surface. See Appendix D for a derivation of this form of the equation.
The Fermi surface of a quasi-two-dimensional material can be described by the tight-binding form where k F (ϕ) parameterizes the in-plane Fermi surface, t ⊥ (ϕ) is the interlayer hopping integral, and c is the interlayer lattice parameter.
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Using
dkz , we find the interlayer velocity to be
Therefore,
The value k z should be more accurately written as k z (k 0 z , ϕ): a quasiparticle's position in k-space depends on the orbit it is following, as well as its azimuthal position on that orbit. It turns out that the expression for k z also depends on whether the Fermi surface intersects the Brillouin zone.
If a Fermi surface is entirely contained within a Brillouin zone, each quasiparticle will stay on a single orbit through its lifetime and we can see from simple geometric considerations that
However, if the Fermi surface intersects the Brillouin zone boundary then quasiparticles will Bragg diffract at
When a quasiparticle reaches the edge of the Brillouin zone (indicated by dotted lines), it will typically undergo Bragg diffraction. As illustrated above, the value of kz will be the same before and after Bragg diffraction but the value of k 0 z will change by ∆kz as the quasiparticle moves to a different orbit about the Fermi surface. The value of ∆kz depends on the geometry of the Fermi surface and the Brillouin zone, as well as the quasiparticle's azimuthal position on the Fermi surface when it undergoes Bragg diffraction.
the zone boundary and will have a momentum change equal to a reciprocal lattice vector. In this case, the value of k z will not change, but the value of k 0 z will: the quasiparticle will jump to a different orbit about the Fermi surface, as illustrated in Fig. 4 . The amount by which k 0 z changes will depend on the details of the Fermi surface and Brillouin zone geometries; it will also depend on the quasiparticle's azimuthal position when it undergoes Bragg diffraction.
As a further complication, each time a quasiparticle reaches the Brillouin zone boundary it has a non-zero probability, p, to avoid Bragg diffraction and effectively tunnel through the gap in k-space to stay on its original orbit 21 . This is a phenomenon known as magnetic breakdown; its probability in a quasi-two-dimensional material is given by p = e −B0/B cos(θ) , where B 0 is a materialspecific parameter that is related to the size of the energy gap at the Brillouin zone boundary 22 . Because the quasiparticle can either Bragg diffract or undergo magnetic breakdown at each intersection of the Fermi surface and the Brilloun zone, these intersections are known as "MB junctions." Taking all of this into account, we can write
where j indexes all of the MB junctions, n j indicates the number of times the quasiparticle has Bragg diffracted at the j th MB junction, and ∆k
z is the amount by which k 0 z changes when undergoing Bragg diffraction at the j th MB junction; ∆k (j) z can be found through simple geometric means, as described in Ref. 23 . We set n j (ϕ 0 ) = 0. Note that in Eq. 6 and Eq. 7 we neglect the effects of interlayer warping, which should be small.
We can substitute this expression for k z into Eq. 5 and integrate over k 0 z from 0 to 2π c , the Brillouin zone height of Hg1201. We then have
where we have defined
If we also insert Eq. 1, then for ease we can write our conductivity in units of
so that it is dimensionless:
It is important to make use of the above equation, which allows for Bragg diffraction and magnetic breakdown, when considering the hypothesis that the small Fermi surface pockets in Hg1201 are the result of a biaxial CDW reconstruction 5, 8 . If this is the case, there will be four diamond-shaped Fermi surface pockets in the corners of the reconstructed Brillouin zone 24 , as illustrated in Fig. 5 . Quasiparticles are expected to Bragg diffract when they reach a Brillouin zone boundary, as shown in Fig. 5(a) . If Bragg diffraction always occurs, then the quasiparticles simply trace out the concave electron-like Fermi surface pockets. But if a quasiparticle undergoes magnetic breakdown at the Brillouin zone boundary, it will instead traverse the larger hole-like Fermi surface, as shown in Fig. 5(b) . The shaded pocket in each panel is meant to emphasize the fact that even when considering magnetic breakdown effects, the area we fix to match quantum oscillation measurements is that of the diamond-shaped pockets.
In the simpler case of a Fermi surface that does not intersect the Brillouin zone boundary, we have
The two situations require different methods of calculation, as described in the following sections.
A. Fermi surface in a single Brillouin zone
Taking advantage of the periodic nature of f (ϕ), γ(ϕ), and G(ϕ), we can rewrite Eq. 10 as
where
. (12) The equation above can be integrated numerically; when possible, the integral in P should first be solved analytically to make numerical integration more efficient.
B. Fermi surface across the Brillouin zone boundary
When the Fermi surface intersects the Brillouin zone boundary, the full version of Eq. 9 is needed. As noted above, the term n j in this equation is a count of the number of times a quasiparticle has Bragg diffracted at an MB junction, where the different MB junctions are labeled by the index j. Keeping track of the evolution of these n j is non-trivial, making it a challenge to evaluate Eq. 9. Building on Falicov and Sievert's treatment of magnetic breakdown for in-plane conductivity 25 , Nowojewski et al. showed that this issue can be solved by writing a self-consistent, vectorized form of the ShockleyChambers tube integral 26, 27 . This method has previously been used to study systems wherein ω did not vary with ϕ 23, 28 . For this work, we extend the equations of Ref. 23 to account for the variation of ω about the Fermi surface. We write the (dimensionless) conductivity in the following form:
The dot product with λ ϕ0 sums up all of the quasiparticle's possible initial positions. The vector λ init accounts for contributions to conductivity from the time the quasiparticle is created until it reaches an MB junction, while λ ϕ gives the contribution when the quasiparticle is between MB junctions. The matrix Γ describes the connections between orbit segments through both Bragg diffraction and magnetic breakdown, as well as accounting for the exponential damping of the integrand upon traversing a segment of Fermi surface.
If there are N distinct MB junctions, then λ are all length-N vectors, Γ is an N × N matrix, and I is the N × N identity matrix. The elements of the λ vectors are defined as follows:
,
where M is a vector listing the azimuthal position of all the MB junctions plus a final element that is the first element plus 2π. The exponentials that appear in these vectors serve to cancel the initial exponential damping of the integrands. Each row (column) of the matrix Γ corresponds to a segment of the Fermi surface between MB junctions. The first row (column) corresponds to the segment between the first two MB junctions, and so on. Mathematically, this means that the index i corresponds to the segment between M i and M i+1 . Using this correspondence, we can determine all of the elements of Γ as follows:
if section i is connected to section j through Bragg diffraction. (15) In the above, p is the probability of magnetic breakdown at a single junction and D i is the exponential damping of the integrand across segment i, given by
The quantity ∆k
is the amount by which k 0 z changes when undergoing Bragg diffraction from the (i + 1) th MB junction to the j th MB junction.
IV. RESULTS
We now apply the equations developed in the previous section to underdoped Hg1201. We consider a simple cosine warping, corresponding to f (ϕ) = 1, as well as a staggered twofold warping, corresponding to f (ϕ) = sin(2ϕ). We consider all of the in-plane Fermi surface shapes described in Section II, with their crosssectional areas fixed to match quantum oscillation measurements 4, 5 . Each in-plane Fermi surface shape gives us γ(ϕ) directly (see Appendix E). In addition to the inplane shape, G(ϕ) is determined by the direction of the magnetic field (θ and φ) as well as the value of c, the interlayer lattice constant. We use c = 9.517Å, the value of the interlayer lattice parameter in as-grown Hg1201 with T c ≈ 80 K 29 .
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We take ρ zz = 1 σzz , which is justified for a material such as Hg1201 that has v z v x , v y 31 . Since we are only calculating σ zz up to a constant of proportionality, we plot all of our results as ρ zz /ρ zz (θ = 0).
The main result of this paper is summarized in Fig.  6 , which shows the expected ADMR for all of the inplane Fermi surfaces considered (Fig. 2) with φ = 0 and ω 0 τ = 1 and with no Bragg diffraction or magnetic breakdown. There are quantitative distinctions between the ADMR for different diamond-like and ellipsoidal in-plane Fermi surfaces, but the most notable result is that there is a clear qualitative difference between the two interlayer warpings, even given highly different in-plane Fermi surface geometries: the simple cosine warping causes a dip in resistance at θ = 0 (i.e., with the magnetic field in the interlayer direction), while the staggered twofold warping yields a hump. This qualitative distinction is not affected by varying φ, as shown in Appendix A, nor does it depend on the value of ω 0 τ . As shown in Fig. 7 , varying ω 0 τ from 0.1 to 10 yields the same qualitative difference, and though the distinction becomes less pronounced as ω 0 τ decreases and α → π/2, it is always present. This result demonstrates that ADMR can be used to unambiguously reveal the interlayer warping for a wide range of scattering times and magnetic fields, in a way that is independent of the in-plane shape. At higher ω 0 τ (i.e., at higher magnetic fields and lower temperatures) angledependendent magnetoresistance oscillations are apparent, which can be used to discern the in-plane Fermi surface.
A full study of the ADMR of Hg1201 as a function of φ can be used to gain additional information about the Fermi surface geometry. As demonstrated in Appendix A, the symmetry of a Fermi surface will be reflected in the symmetry of the ADMR. The φ-dependence of ADMR is a vital source of information; we do not focus on it in this work simply because its usefuless and interpretation are already well understood 17, 32, 33 .
For all of the above, we employ Eq. 11 to calculate the ADMR of the circular and elliptical in-plane Fermi surfaces, as well as the diamond-shaped pocket with α = 0. The calculation for concave diamond-like pockets (α > 0) takes an excessively long time to execute due to the divergent nature of the function 1/ cos(γ(ϕ)) at the tips of the diamonds. For these in-plane Fermi surface shapes, we use the vectorized form of the Shockley tube integral (Eq. 13), which was originally derived for materials exhibiting magnetic breakdown. For the cases considered above, where there is no magnetic breakdown, we choose B 0 /B = 10000 so that the probability of breakdown approaches 0 and therefore the quasiparticles always trace out the concave diamond-shaped pocket, as shown in Fig.  5(a) . See Appendix F for the mathematical details of the calculations.
As noted previously, magnetic breakdown effects should be studied when considering the possibility of diamond-shaped pockets being formed by CDW reconstruction. Therefore, for the diamond-shaped pockets we consider Bragg diffraction and magnetic breakdown effects, using the full force of Eq. 13; see Appendix F for details. For these calculations we again use ω 0 τ = 1 and φ = 0. The results for three different values of B 0 /B are shown in Fig. 8 ; with B 0 /B = 0.0001 there will be near total magnetic breakdown, while B 0 /B = 10000 leads to effectively zero magnetic breakdown. It should be noted that quantum oscillation measurements of Hg1201 have set a lower bound of B 0 200 T 5 . Given this, and the fact that B 0 /B = 1 and B 0 /B = 10000 produce remarkably similar results, we conclude that magnetic breakdown effects can safely be neglected for this scenario.
We also investigate how the ADMR of Hg1201 would be affected by different periodicities of the interlayer warping. We repeat our calculations for a circular inplane Fermi surface but with the interlayer lattice parameter, c, reduced by half. This is equivalent to considering a warping with periodicity 4π c rather than 2π c . The results of these calculations are shown in Appendix B. While a change in periodicity will indeed affect the ADMR, it will only be possible to easily distinguish different periodicities at fairly high magnetic fields, such that ω 0 τ 1. 
V. DISCUSSION
There is an intuitive way to understand the qualitative distinctions seen in the ADMR between the two different interlayer warpings. As seen from the ShockleyChambers tube integral, the interlayer conductivity is determined by the correlation of the velocity v z at angle ϕ with the velocity v z at ϕ 0 on a given Fermi surface orbit, with contributions from all the orbits then summed together. As shown in Fig. 1(a) , for θ = 0 the quasiparticles on a Fermi surface that has a simple cosine warping will have a constant z-axis component of the Fermi velocity. This will maximize the correlation of v z (ϕ) and v z (ϕ 0 ) for each quasiparticle orbit, and we expect to see a maximum in conductivity (a minimum in ADMR) at θ = 0. In contrast, for the staggered twofold warping, θ = 0 gives a minimal correlation of the z-axis velocity, so we expect a peak in the ADMR. For Fermi surfaces that have a constant k F (ϕ), like those in Fig. 1 , Eq. 11 can be solved analytically and we can prove that a minimum and maximum, respectively, must occur at θ = 0 for the two interlayer warpings. Through our numerical calculations, we have shown that the effect is robust to the various in-plane Fermi surface geometries we consider and to magnetic breakdown effects.
It is worth noting that while this difference decreases as ω 0 τ → 0, it should always be evident in a sufficiently accurate experiment. Assuming ω 0 τ = 0.1 is enough to resolve the effect, we can estimate the temperature and field ranges at which the ADMR should be measured. Fig. 9 shows a schematic diagram of where ADMR measurements are feasible for a sample of Hg1201 with T c = 71K. At 45 T and a few Kelvin, Hg1201 has ω c τ ≈ 0.35 with the magnetic field perpendicular to the layers (θ = 0), where ω c is the cyclotron frequency 5 . 34 This gives a bound of ω 0 τ ≥ 0.35 for those conditions, since ω c is the average of angular velocity ω about an orbit and therefore ω c ≤ ω 0 (see Eq. 1). We estimate that ω 0 τ = 0.35 at 45 T and 3 K (since Ref. 5 does not specify the temperature but includes measurements between 1.8 K and 4 K). The dashed line demarcating ω 0 τ = 0.1 and the gradient representing ω 0 τ in Fig. 9 are based on this estimate and on the approximation that τ decreases linearly with temperature. The superconducting dome is drawn by estimating the upper critical field to be H c2 = 40 T at low temperatures 5 and using a shape inspired by the upper critical field evolution of cuprate superconductors in Ref. 35 . For a quasi-twodimensional material, H c2 (θ) is highly anisotropic [36] [37] [38] , but it will only increase by at most a few percent in the range −15
• < θ < 15
• . This angular range should be adequate to resolve staggered or simple cosine warping in the ADMR.
One caveat in this discussion is that we have assumed the Fermi surface of Hg1201 is a single quasi-twodimensional pocket. Quantum oscillation measurements only detect one Fermi surface pocket in Hg1201, but this does not preclude the existence of additional open Fermi surface sheets. If such sheets are present, they would also contribute to interlayer magnetoresistance, making the interpretation of ADMR measurements more complicated. While quasi-one-dimensional Fermi surface sheets are difficult to detect directly, open orbits should lead to Lebed minima in the ADMR 39 ; if these minima are not observed at high ω 0 τ , this would be evidence that such sheets do not exist or contribute to the magnetoresis- tance. The density of states associated with such sheets can also be estimated through careful analysis of the wave form of quantum oscillations 40 . Such an analysis could be used to determine how important a role, if any, quasione-dimensional sheets play in this material.
VI. CONCLUSION
We have calculated the expected interlayer ADMR for underdoped Hg1201 using several possible Fermi surface geometries. We have shown that the simple cosine and staggered twofold interlayer warpings will have two clearly distinct experimental signatures regardless of whether the in-plane Fermi surface is circular, elliptical, or diamond-shaped. We have also shown that magnetic breakdown between Fermi surface pockets should not affect these results. Since ADMR, unlike quantum oscillations, is measured at a fixed field strength, it could be used to study the Fermi surface geometry of Hg1201 at various temperatures and magnetic fields, as illustrated in Fig. 9 . Such information on the field-and temperature-dependence of the Fermi surface would be complementary to other experiments that can probe how the ordered states in Hg1201 evolve. If changes in the Fermi surface geometry can be connected to the evolution of CDW order, or some other ordered state, it would help conclusively answer the question of what drives Fermi surface reconstruction in the underdoped cuprates. ADMR as a function of φ, the azimuthal angle of the applied field, can provide valuable insights regarding a material's Fermi surface geometry. We show some examples of ADMR with varying φ in Fig. 10 to emphasize two points: first, that the symmetry of the Fermi surface determines the symmetry of the ADMR; second, that the qualitative distinction between the two types of interlayer warping considered here is present regardless of the value of φ.
To produce Fig. 10 we consider four different in-plane Fermi surfaces and two different interlayer warpings. For each combination of these, we calculate ADMR with values of φ ranging from 0°to 360°in 15°increments. The results are only shown up to 90°because beyond that, all of the results would lie over curves that are already plotted. Indeed, for most of the Fermi surfaces considered there is already considerable degeneracy below 90°: for example, for the diamond-shaped pockets there is a mirror symmetry about 45°, and for the circular Fermi surface with simple cosine warping there is complete rotational symmetry. The symmetry of each Fermi surface is reflected in the φ-dependence of its ADMR, as it must be.
Note that regardless of φ, a Fermi surface with simple cosine warping yields a resistivity minimum at θ = 0, while a Fermi surface with staggered twofold warping yields the opposite. Sebastian et al. showed that their quantum oscillation data for YBCO could be explained by a CDW ordering with l = 1 /2 that yields an interlayer warping of periodicity 2π c . However, x-ray scattering measurements of the same compound found a three-dimensional CDW order with l ∼ 1 10 . If we assume the same type of reconstruction that Sebastian et al. suggested, this should lead to an interlayer warping of period 4π c . Doubling the periodicity is mathematically equivalent to reducing c, the interlayer lattice parameter, by half. We repeat our calculations for a circular in-plane Fermi surface, but now using c = 4.7585Å rather than the actual interlayer lattice parameter of c = 9.517Å. The results are shown in Fig. 11 . Clearly, changing the interlayer lattice parameter produces a quantitative change in the ADMR of Hg1201. However, given the many unknown parameters with regards to this Fermi surface, such a change may be difficult to distinguish at ω 0 τ = 1; for example, with a simple cosine interlayer warping, halving c produces roughly the same change as increasing the eccentricity of the in-plane Fermi surface (cf. Fig.  6 ). On the other hand, with ω 0 τ = 10 the ADMR results have more structure, as angle-dependent magnetoresistance oscillations are evident. Thus it may be possible to use ADMR to determine the periodicity of the interlayer warping, but only if measurements can be taken at very low temperatures and high magnetic fields.
Appendix C: Derivation of ω
We define ω = dϕ dt , where ϕ is the azimuthal position of a quasiparticle in the k x -k y plane. A quasiparticle orbiting around the Fermi surface will have periodic motion in both k z and ϕ. In the case we are considering, of very small interlayer warping, a change in k z will have a negligible affect on the Fermi velocity and on the in-plane Fermi momentum. Therefore, the motion in k z and in ϕ are separable, and we can base our calculation of ω on the motion of the quasiparticle about the intralayer Fermi surface. This motion will be driven by the component of the magnetic field in the interlayer direction, B cos(θ). Since v z v x , v y for this material we can approximate that v F is entirely perpendicular to the interlayer field.
If we define k to be the component of momentum along the circumference of the in-plane orbit, then the equation of motion can be written as follows:
We want dϕ dt , so we must now find the relationship between k and ϕ. This turns out to simply be the equation for an arc-length in polar coordinates. Noting that dk is the differential displacement along the orbit and the radius of the in-plane orbit is given by k F (ϕ), we have
Putting everything together, this yields
(C4) We can simplify the above expression by noting that where γ(ϕ) is the angle between v F (ϕ) and k F (ϕ) 41 . Then we arrive at the form we use in the paper:
Appendix D: The form of the Shockley-Chambers tube integral
When k B T E F , the Shockley-Chambers tube integral generally appears in the form 18, 42 
where all velocities are taken to be at the Fermi energy. The quantity k H is the component of momentum parallel to the magnetic field and f 0 is the equilibrium distribution function. With a small change of variables, this becomes
It can be shown that, as long as v α and v β are periodic about the Fermi surface (which they must be), this is equivalent to
In the above equation, ω c is not the rate of change of the quasiparticle's azimuthal position. Rather, it is the cyclotron frequency, defined as ω c ≡ 2π/T where T is the period of an electron orbit. By this definition, ω c depends on the Fermi surface geometry and the angle of the applied field, but it is constant for a given quasiparticle orbit. The cyclotron mass m c is defined as m c ≡ eB/ω c ; it is not the same as the quasiparticle's effective mass.
The phase variable ψ in equation D3 is defined by dψ = ω c dt; by construction, this quantity increases at a constant rate. If the Fermi surface in question is a perfect cylinder (or sphere), then ψ is simply the azimuthal position of the quasiparticle. But in general, a quasiparticle's azimuthal position, which we will call ϕ , will not change at a constant rate about an orbit so ϕ and ψ are distinct. The quasiparticle velocity as a function of ϕ is simple to obtain geometrically; not so with ψ . Therefore, we want to rewrite our equation in terms of ϕ rather than ψ .
The relationship between the two quantities is given by
where ω is the azimuthal angular velocity and depends on ϕ . Note that ψ , just like ϕ , is 0 at the beginning of an orbit and 2π after completing an orbit; thus, our limits of integration do not have to change. Since ψ varies from ψ to ∞, we can define ψ = ψ + ω c t, where t varies from 0 to ∞. Now we have
We can define a variable ϕ such that dϕ dt = ω(ϕ ) and ϕ (t = 0) = ϕ , yielding
As illustrated in Ref. 23 , we can substitute k H = k 0 z cos(θ). We can also substitute m c = eB/ω c and simplify to obtain
With the exception of the variable names, this is identical to Eq. 2.
Appendix E: Mathematical descriptions of the in-plane Fermi surfaces
In this paper, we consider 8 different in-plane Fermi surfaces: 5 ellipses of various eccentricity and 3 different diamond-shaped pockets. We need a function k F (ϕ) that describes each of these Fermi surfaces; this will give us γ(ϕ) (through use of Eq. C5) and G(ϕ).
The ellipses are defined as follows:
where a and b are the major and minor axes of the ellipse, respectively. The area of an ellipse is given by A = πab, and the eccentricity is defined as = 1 − (b/a) 2 . In our calculations, we use the cross-sectional Fermi surface area that has been determined by quantum oscillation measurements; therefore, for every we consider it is straightforward to calculate the appropriate a and b. Note that Eq. E1 describes an ellipse that is centered at the origin, which is necessary for the interlayer warping to be properly imposed on the in-plane Fermi surface. The diamond-shaped pockets have a more complicated definition, given as follows:
In the above equation, β ≡ α/2, where α is the angle that must be subtended on a circle to make each arc that forms the diamond-shaped pocket; in this study we consider α = 0, π/4, and π/2. The constant R is the distance from the center of the pocket to the tip of each arc. In order to constrain the Fermi surface area to be a certain A F S , we must set R as follows:
We use a different equation for the diamond-shaped pockets when considering magnetic breakdown effects (that is, when using the vectorized form of the Shockley tube integral). As shown in Fig. 5 , in this scenario the origin (the center of the Brillouin zone) is in the middle of the 4 pockets, so that the arcs appear convex instead of concave. In this case, R is still defined by Eq. E3 (since it is still the area of the concave pockets that is constrained), but we use 
Equations E2 and E4 actually diverge for α = 0; that is, for a square pocket. For that case, we use the simpler equation
This equation is valid both for a Fermi surface contained within the Brillouin zone or for pockets in the four corners of the Brillouin zone, since tiling four tilted squares in the corners produces a square of the same size in the center.
The diamond-shaped pockets we consider all have their tips pointing along k x and k y , which is the orientation we would expect if they arise from a CDW reconstruction 5 . The orientation of the staggered twofold warping with respect to the diamonds is based on the results of Ref. 9 . The ellipses we consider all have their major axes along k x and minor axes along k y . But if the Fermi surface pockets are elliptical, they could very well be tilted offaxis; this is illustrated, for instance, in Ref. 1 . For the simple cosine warping, tilting the ellipses in the k x − k y plane is simply a matter of rotating the whole Fermi surface, since the interlayer warping has no azimuthal dependence. But for the staggered twofold warping, the alignment between the in-plane shape and interlayer warping could affect the magnetoresistance in a non-trivial way. To verify that this will not affect our general conclusions, we calculate ADMR for an ellipse with its major axes tilted away from k x by some amount ϕ tilt . We use an ellipse with = 0.9 and fix the azimuthal angle of the magnetic field to φ = 0. The results are shown in Fig.  12 . With the simple cosine warping, changing the orientation of the in-plane ellipse simply rotates the entire Fermi surface. Therefore, it is equivalent to rotating the applied magnetic field to a different value of φ; this can be seen by comparing Fig. 12(a) to Fig. 10(b) . For the staggered twofold warping, changing the orientation of the in-plane ellipse does modify the overall magnetoresistance beyond a simple rotation; however, a comparison between Fig. 12(b) and Fig. 10(f) reveals that the change is minimal and does not alter the conclusions of this paper.
Appendix F: Explicit forms of M , Γ, and ∆kz for diamond pocket magnetic breakdown calculations
The definitions of M , Γ, and ∆k z all depend on the direction of quasiparticle motion. In this work, we always consider quasiparticles that are moving counterclockwise about the Fermi surface.
In the case of Fermi surface pockets in the four corners of the Brillouin zone, as shown in Fig. 5 , the vector M of MB junctions will be
For a quasiparticle that is traveling counterclockwise on the Fermi surface, the matrix Γ will be as follows: is the same for all i. This is due to the 4-fold symmetry of the in-plane Fermi surface and magnetic breakdown junctions.
In the matrix above, ∆k
